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Abstract

We revisit some properties of circulant matrices regarding them as objects
generated by the action of the dihedral group on complex vectors.

1. Introduction

As 1t 1s well known, a circulant matrix is a square matrix, whose
successive rows are obtained by cyclic permutations of the first one. This
type of matrices has been studied for quite a long time [1, 3, 4], and their
properties have been used in the controllability of systems of differential
equations [2], among other different applications. What we do here is to
go over these properties looking at circulant matrices as objects generated

by the action of the dihedral group over complex vectors.
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To formalize this study, let >, represent the symmetric group of

permutations of n objects, given a permutation o e X, and an

n-dimensional complex vector u = (q;, ag, ..., a, ) € C", we define
ou = (ag,, gy s A, )-
It can be easily seen that this action of Y, on C" has the following
properties:
IfeeX,,u,veC" and A, peC,
(@) o(Au + pv) = Mou) + u(ov).

(b) cueocv =uev, where uev stands for the following matrix

product:

If u =(ay, ag, ..., a,), v =_(b, by, ..., b,),

by
b n
uev =(aj, as, ..., a,)- 2 :Zakbk.
’ k=1
by

(c)ouev=ue o 1.

Let A,, (the dihedral group) be the subgroup of >, generated by the

n-cycle p:=(1,n,n-1,...,2) and the symmetry c := H (j, k).

Jj+k=n+1
From a geometric perspective, p acts over an n-vertex regular polygon as

a right-rotation of angle 2—;, while ¢ commutes the vertices 1 and n, 2
and n —1, and so on. Thus,

A, =11, p,p% ..., p" U {o, po, po, ..., p" o),
and we list some equalities, which will be used later

pl = 1,23, ..., n); (pkcs)_1 = pkc, ka = p”_kc, 0<k<n-1.
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Using this terminology, if u = (qq, a9, ..., a, ) € C"*, the circulant

matrix generated by u is

a (02)) as vee a,

ap a1 Q2 Ap

a,_1 apn a vee a,_9
Cu = ’

(e2)) as Qy ces a

and we shall represent C,, in either of these two ways.

By rows

By columns

Cy = (pou), (Pou), ... (0" o), (ou) ).
where v' stands for the column obtained by transposing the row v.
Given u = (aq, ag, ..., a,),v = (b, by, ..., b,) e C", and A, p € C,
the following properties are straightforward:

1) Ckuﬂw = ACy, + nCy.

@2 ¢c,-C, =C,, where w=(uepov,ue p26v, ..., uep" tov, u °GU).

3 C,-C =C,-C,.

That is, the set of all circulant matrices forms a commutative
subalgebra of the (n x n) complex matrices. To justify our notation, let us

do some calculations
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c, -C, =|p%v | ((pcu)t, (pZou), ..., (" Tou), (Gu)t)

o) U
= (pj_lv . pkcu)lgj, k<n = (PkGPj_lv ° u)lsj,kgn
= (p"p" T ov e ) pen = (PP oV O U) 1 e
= (uwep" " ov) ;i jen = Cup = Cy - C.

2. Diagonalization of Circulant Matrices

Making use of our dihedral notation, we show that every circulant
matrix is diagonalizable over the field of complex numbers, whereas, in
the real case, in order to be diagonalizable the circulant matrix needs to
be symmetric.

Let o := ¢2™/™ be the complex n-th root of unity. For u = (a;, ag,
..., ay) € C", we introduce the complex polynomial

P(z) = ay + a9z + agz® +... + apz"t,

and the complex vectors
v = (1, ok, 0)2(k_1), s m(n_l)(k_l)), 1<k<n.

Noticing that

we have that

Hence, since the vectors vy, v, ..., v, are linearly independent, it follows

that C,, is diagonalizable over C, with the eigenvalues being
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P(1), P(®), ..., P(o" ).

In the real case, the situation is different. Just notice that the (3 x 3)

circulant matrix generated by the real vector (1, 2, 3) has (A — 6) (22 + 34
+3) as characteristic polynomial and, since the second factor of this
polynomial is irreducible in R, the matrix C( o 3) is not diagonalizable

over the reals.

The following proposition provides with a necessary and sufficient
condition so that a real circulant matrix be diagonalizable over R.

Proposition. If u =(qap, ag, ..., a,) € R", then the following

assertions are equivalent:
(i) P(w), P(0?), ..., P(@™1) are all real numbers.
(1) The circulant matrix C,, is symmetric.
(1) C, is diagonalizable over R.

Proof. 1) = @i): For £k =1, 2, ..., n—1, from

P(o*) = P(o*) = P(a") = P(o"*™),
we obtain
(ag —a,)+ (a3 —ap )(Dk +...+(a, —ay )wk(n—Q) -0.
Hence, we have the following system of equalities:

(az —an)+(a3 —an_l)co+ ot (an —a2)@”‘2 =0,

(ag —a,)+(ag —a,4 )w2 +...+(a, —ay )mz(”_g) =0,

(ag —ay )+ (a3 —a,_1)o" ' +...+(a, —ay o (=2) _

Since the Vandermonde (n —1)-determinant of the above system is

nonzero, we deduce that
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Qg =Q,, Qa3 =qy_1,--..
Thus
pou = pla,, a,_1, ..., a1 ) = (a1, a,, ..., ay) = (a1, ag, ..., a,) =
Consequently, for j =1, 2, ..., n,
plou = p/pou = p/ u,
which, working by columns, leads us to

ct = (ut, (), ..., (pn_lu)t)

= ((pou). (pPou), ..., (0" ou), (cu) ) = C,.
Given that (i1) = (ii1) is evident, we show that (ii1)) = ().

If C, is diagonalizable over R, its characteristic polynomial admits n

linear factors of real coefficients. From the complex case, we know that

this polynomial is
(= P)- (h = P(@))-...- (L = P(0" 7)),
clearly then, the values
P(1), P(w), ..., P(o" ™)

must all be real numbers.

3. Inversion of Circulant Matrices

From the diagonalization study done above, it is easily seen that, for

u= (ap, ag, ..., a,) € C", the circulant matrix C, is invertible, if and
only if none of the values P(1), P(w), ..., P(0™ ) is zero, i.e., when the

polynomials P(x) and x" —1 have no common divisors in C.
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Let C, be an invertible circulant matrix. To see that the inverse
matrix C;l is also circulant, just recall that, if e;, ey, ..., e, denote the

unit vectors of C", then
{Cops Cayr e Co }

is a cyclic multiplication group generated by Ce2 and it can be easily seen

that, for a square matrix M, M 1is circulant, if and only if

M- C,, =C,, - M. Therefore, since C, -C, = C, -C, , we have that

€n’

Cl-C, =Ct .ce—nl = ce—n1 Ct =G, -G

ie., C,! is also circulant. Hence, the invertible circulant matrices form a

commutative multiplication group. To calculate C;l, let V be the

Vandermonde matrix obtained by arranging the before defined vectors
vp, 1 <k <n, in columns. Then, since C, =V -diag(P(1), P(o), ...,

P(6"1))- V7L, we have

1 1 1

. -1 — ,
PO PO B

C,t =V - diag(

with

n-1

n-1 n-1
1 1 1 1 '
YT (,; P(o")’ ,;) o P(of) ,; o DEP(k) )
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